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Abstract We consider here a Kac equation with a Gaussian thermostat in the case of a
non-cutoff cross section. Under the sole assumptions of finite mass and finite energy for the
initial data, we prove the existence of a global in time solution for which mass and energy
are preserved. Then, via Fourier transform techniques, we show that this solution is smooth,
unique and converges to the corresponding stationary state.
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1 Introduction

We consider here an integro-differential equation referred to as the non-cutoff Kac equation
with a Gaussian thermostat. This equation is obtained as the limit when N — 400 of a
system of N particles that undergo binary elastic collisions and that is subjected to a force
field E. The positions of the particles are neglected and their velocities are assumed to be
one-dimensional. If we only assumed that the particles were accelerated by a force field,
the system would no more be conservative. Therefore, as it has been done in many fields
of statistical physics and molecular dynamics (see e.g. [17, 22, 28, 29] and the references
therein), heat is removed in order to achieve a stationary state. This is done by introducing
a damping term whose aim is to model the interaction of the system with a ideal heat bath.
This additional term is based on Gauss’ principle of least constraint [18] and amounts to
projecting the force field onto the tangent plane to the energy surface. Thereby, the kinetic
energy remains constant. This construction is known as a Gaussian isokinetic thermostat.
The influence of such thermostats has been widely analysed for the Lorentz gas, as well
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from the microscopic point of view [3, 7, 8] as from the kinetic one [4, 27, 32] where
only at most linear collision operators have been considered. We are interested here in the
consequence of such a friction term on a kinetic equation with a nonlinear collision operator
with a singular cross section. With the above assumption the distribution function f of the
limit-system satisfies (see [35])

0 f+ E0,((1 —¢r()v) )= 0(f, f), (1
where ¢4 (1) = [ vf(t,v)dv and

of, H,v)= / (f@, V) f(@t, V) — f(t,0) f(t,v,))b(0)dO dvy,
RJ—m
with
v =vcosf — v, sinb, v, = vsind + v, cos.

Fort>0and v e R, f (¢, v) > O represents the density of particles with velocity v at time ¢.
When no confusion can occur, we use the notation ¢ instead of ¢;. In (1), the left-hand
side comes from the construction of the thermostated force field which was described above
and the right-hand side corresponds to the Kac collision operator (see [23]). In the original
model, the scattering angle 6 was chosen uniformly in [—r, ), which implied that the cross

section b was given by b(6) = 1/(27). We consider here a generalisation and assume that b
satisfies

b©®) =101""", 6@e(-m ), ae(0,2). 2)

Such a cross section has already been introduced by Desvillettes [10] for the Kac equation
with no force field. Equation (1) is supplemented with the initial condition

J0) = fin, 3

where
fueL'®).,  fu=0, /ﬁn(v)dvzlzfﬁn<v>v2dv. @)
R R

Our purpose is to study the well-posedness of (1), (3) and the large time behaviour of its so-
Iutions. We first observe that (1) was obtained as the limit when N — +o00 of a N-particles
system whose energy was constant and taken equal to one. This explains why we consider
here initial conditions whose energy is one. On the other hand, we note that it is not re-
strictive to assume that the initial condition has mass one. Indeed, consider o > 0 and g;,
satisfying (4) except that the mass of g;, is 0. Then, the function f;, defined by

v
fu0) =07"gi, (_> C e
i \/E
satisfies (4). If we denote by f a solution to (1), (3) where E is replaced with E/, /0, then
the function g defined by
g(t,v)=0"*f (o1, Jov), (1,v) € (0,+00) x R,

is a solution to (1) with initial condition g,.
As for the Kac equation with no force field, the usual a priori estimates are available
here, that is mass and energy are formally preserved. For every ¢ > 0,

/f(t,v)dv:/ﬁ,l(v)dvzlzfﬁn(v)vzdv:/f(t,v)vzdv. 3)
R R R R
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However, it is not clear whether there exists an entropy for (1).

For the non-cutoff Kac equation with no force field, the mathematical theory is well-
developed. The problem of existence, smoothness, uniqueness and positivity of solutions to
this equation, as well as the convergence to the equilibrium have already been investigated
(see[10, 11,19, 20, 31]). The main difficulty in the analysis is the non-integrable singularity
of the cross section b. Concerning the thermostated Kac equation with b(6) = 1/(2x), the
existence of solutions to both the stationary and the evolution problem has been proved
and the large time behaviour has been studied (see [34, 35]). To our knowledge, the only
works on the non-cutoff thermostated Kac equation concern the existence and uniqueness of
stationary solutions [2] and numerical simulations for the evolution problem [30]. Therefore,
our purpose is to investigate the existence, smoothness and uniqueness of a solution to (1),
(3) and the convergence towards the associated stationary solution when time tends to +00.
We first introduce some notations. We set L;(]R) =L'(R, (1+v?)dv) and llgll, = lIgllLr@®)
for any p € {1, 0o} and g € L?(R). Furthermore, we denote by C([0, +-00); w — L' (R)) the
space of weakly continuous function in L' (R), that is the space of continuous function from
[0, +00) in L'(R) endowed with its weak topology. We now define the notion of weak
solutions we consider here and state our main results.

Definition 1 Consider f;, satisfying (4) and assume that b is given by (2). A nonnegative

function f € C([0, +00); w — L' (R)) N L>([0, +00); L} (R)) is said to be a weak solution
to (1), (3) if, for any ¢ € C,f(]R) and ¢ > 0, it satisfies

/f(m)z/r(v)dv=/ﬁn(v>w<v>dv+E/f(1—;(s)v)f(s,vW(v)dvds
R R 0JR

+// KY (v, v,) f(s,0) f (s, v.) dvdv, ds, (6)
0 JR2

where

KV (v,v,) = ' () — ¥ () + v, sinfyY'(v))b(0) db.

We note that, for ¥ € C(R), we have
Y@) — Y ) = (v(cosh — 1) — v, sinO) Y’ (v)
|
+ (v(cosf — 1) — v, sin0)2/ A=y (v+u@ —v))du,
0

so that,

T T
|K‘”(v,v*)|52(1+v2)|lwllcé (1—cose)b(e)deﬂinwncg/ sin? @b (0) d6.

=7

Consequently, the last integral in (6) is well-defined. Moreover, if « € (0, 1), then 6b(9) €
L'(—m, ) and

K'(w,v)= [ @)=y (©)b®)de.
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Theorem 1 Assume that b is given by (2) and consider f;, satisfying (4). For all field
strengths E > 0, there exists a weak solution f to (1), (3) such that (5) holds for every
t > 0. Moreover, for every T >0 and B € R,

feLy([x, +00); H (R)). (7

Section 2 is devoted to the proof of the existence part which is performed in two steps:
we first consider the case of an even nonnegative integrable cross section and the existence
of a solution in that case is obtained by a fixed point argument. At first sight, the damping
term induced by the thermostat seems to add nonlinearity in the equation and complicate the
analysis. We thus begin with removing this nonlinearity by showing that the momentum ¢
satisfies a differential equation which can be solved explicitly. Next, the existence of a solu-
tion when b satisfies (2) is obtained thanks to a truncation argument and weak compactness.
Thanks to the de la Vallée Poussin theorem, we only assume here that the initial condition
satisfies natural bounds, that is finite mass and energy.

For the Kac equation with no force field as for the Boltzmann equation, the non-cutoff
collision operator is known to have a smoothing effect [1, 11, 12]. Once we have proved
the existence of a solution to (1), (3), it is therefore natural to investigate the smoothness of
this solution. For the cutoff thermostated Kac equation, the stationary solution may be either
continuous or have a power-like singularity depending on the value of E [34] whereas for
the non-cutoff thermostated Kac equation, the stationary solution is smooth for any £ > 0
[2]. Also for the evolution problem, the solution is smooth whatever the value of E. The
proof is reported in Sect. 3. It follows the same lines as in [11] for the Kac equation with no
force field. It consists in showing, by induction, that the Fourier transform of the solution
with respect to the velocity variable belongs to L, ([T, +00); L2 (R, (1 + &£2)# d¢)) for any
t>0and B eR.

We then consider in Sect. 4 the question of uniqueness for solutions to (1), (3) and their
large time behaviour. We use a method based on the Fourier transform and introduced in
[5, 21, 31]. This method has already been adapted to prove the convergence towards sta-
tionary solutions for the thermostated Kac equation when b = 1/(27) in [35]. However,
since we assume here that the cross section b is not integrable, we can no more split the
collision operator as the difference between a loss term and a gain term, and thus we can
not directly perform the same manipulations as in [35]. Of course, we could consider so-
lutions to truncated equations and then, by similar calculations and by passing to the limit,
we would obtain an analogous result for the non-cutoff equation. But this result would only
concern solutions that are obtained by truncation. Therefore, we work right away with the
non-cutoff equation and we pay a particular attention to the singularity. Thereby, we prove
some stability result stated in Proposition 9, from which we deduce both the uniqueness
for solutions to (1), (3) and the convergence towards the associated stationary state. These
results are presented below. For any function f : R — R, we define its Fourier transform f
by the formula

fe) = / i fu)du, E€R,
R

and for s > 0, we consider the Fourier-based metric d; given by

d,(f,g) = sup LE 8@
=TT
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for any pair of probability measure f and g. For s =m +r, withm e Nand 0 <r <1,
if f and g are two probability measures with the same moments up to order m and finite
moments of order s then d;(f, g) is finite [6]. In this paper, we only consider the case s =2
and the case s = 1. We show that, as for the Boltzmann equation and the Kac equation for
Maxwell molecules [31], the distance d, is nonexpansive along trajectories of the solutions
to the thermostated Kac equation but it may occur only for large time. More precisely, we
prove the following theorem.

Theorem 2 Consider E > 0 and a cross section b satisfying (2). Let f;, and g, be two
functions satisfying (4) and

/ Fuvdo = f gnvdv. ®)
R R

Denote by [ and g two weak solutions to (1) with initial conditions respectively f;,
and g;,. Then, there exists a function J € C*([0, +00)) depending on E, fR fin(v)vdv and
ffn b(0)(1 — cosO)do satisfying lim,_, . o, J(t) = +00, and such that, for every t > 0,

dZ(f([s -)s g(h )) < e_J(I) dZ(fin» gin)-

In the above theorem, J(¢) might be negative for small values of ¢, depending on the
initial data. Then the probability metric d, would not be nonexpansive for small values of ¢.
Nevertheless, if f and g are two weak solutions to (1) with the same initial condition, the
previous theorem implies, by [14, Theorem 9.5.1], that, for every ¢ > 0, the measure with

density f(¢,.) is equal to the one with density g(z, .).
Concerning the large time behaviour, we first recall that the associated stationary problem

d
Ea((l—iv)f)ZQ(f,f), 9
has already been considered in [2] where the following theorem has been established.

Theorem 3 Assume that b satisfies (2). For all field strengths E > 0, there exists a unique
weak solution f, to (9) such that

/ fs‘mt(v)dv =1 :/ fvtat(v)vzdv
R R

and moments of any order of fy., are finite. Moreover, fuq. € C*(R).
Whereas the exponential convergence towards equilibrium for the Kac or Boltzmann
equation for Maxwell molecules has been proved in distance d,,s [21], we obtain here ex-

ponential convergence in distance d; thanks to the thermostat.

Theorem 4 Consider E > 0 and a cross section b satisfying (2). Denote by [ a weak
solution to (1), (3), in the sense of Definition 1. Then, there exists a constant C > 0 such that

’

A (f(1,.), fua) < Ce™ WEHAERZKN2 | comt KEHE2 -y 5 g
where K = ["_b(0)(1 — cos) db.

This ensures, by [14, Theorem 9.8.2], that the measure with density f(¢,.) converges
weakly-* to the measure with density f,,, when ¢t — +o00.
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2 Existence
2.1 Cutoff Case

We consider here (1), (3) when b : [, ] — R is an even nonnegative integrable function
and prove the following theorem.

Theorem 5 Consider f;, satisfying (4), and two nonnegative convex functions ®,, ®, €
CY([0, +00)) such that ®;(0) = 0, ®,(0) =0, @} is concave, lim,_, 1o, D;(r)/r = +o00 for
iefl,2},
/ ﬁn(v)cbl(vz)dv <00 and / Dy (fin(v))dv < 0. (10)
R R

Let b : [—m,m] — R be an even nonnegative and integrable function. For all field
strengths E > 0, there exists a weak solution f to (1), (3) such that (5) holds and both
Jp F )@ (V) dv and [, D2(f (., v))dv belong to L. (0, +00).

loc
We first notice that, if f is such a solution then ¢ satisfies the following Cauchy problem
{1 =E(1—¢0)’) - K@), =0, an
(0 ZC,-n:/Rfm(v)vdv, 12)

where K = ffﬂ b(0)(1 — cosO)db. This differential equation may be solved explicitly and
the solution is given by

{+(§— - {in) + E_ (;in — §+)e_\/mt

Z(1)= “
§——dint (;in - §+)€_\/mt
where
~K VK> +4E?
£ 2E : (14)

The existence of a solution to (1), (3) when b : [—m, m] — R is an even nonnegative and
integrable function is obtained by a fixed point argument. Let M, > 4®, (1),

/ 1 4E+K)
M22q32 ) > ind1 21 2172
\/2nmin{1—;,.2;,1—;$} (min{l — &, 1= &4h

and T be four positive real numbers, the values of which will be specified later. We denote by
‘H the set of nonnegative functions # € C([0, T]; w — L' (R)) such that, for every s, t € [0, T
and every ¥ € C}(R),

/h(t,v)dv:l:/h(t,v)vzdv, /h(r,u)vdUZE(z), (15)
R R R

/h(t,v)d>1(v2)dv§M1, /cbz(h(t,v))dstz, (16)
R R
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844 V. Bagland

and

’/ h(t,v)w(v)dv—fh(s,v)xﬁ(v)dv
R R

<Lt =sll¥le- a7

The function

(t,v) —

1 U0
V21 —2(0)?) 2(1 =2 (1))

belongs to H. Consequently, 7 is non-empty. For & € H, we consider the following equation
W f+EQ=C0v)d, f+ (bl — EC(1) f = Q4 (h, h), (18)

where
Q4 (h, h)(t,v) =A/n h(t,v)h(t, v,)b(0)d6 dv,. 19)

The existence of a solution to (18), (19) is obtained by the method of characteristics. We
have the following proposition.

Proposition 6 Consider f;, satisfying (4) and two nonnegative convex functions ®1, O, €
CY([0, +00)) such that ®;(0) =0, D;(0) =0, P} is concave for i € {1, 2} and (10) holds.
Let h € C([0, T]; w — L'(R)). Setting
F,0) = fulV (O 1, v))e LD

t
+ f e IWUmHEZOZZD O (h, h)(s, V (531, v)) ds, (20)
0
where
t t
Z(1) = / Cwydu and V(s;t,v) =veF#O20) _ g f eFFO 2N qg, (21)
0 s

then f is the unique weak solution to (18) with initial condition f;,.
Moreover, there exists constants M|, M,, L and T depending only on E, b, f;,, ®| and
@, such that for every h € 'H, the function f given by (20) also belongs to H.

Proof The first assertion of Proposition 6 is classical. We next compute the first
moments of f when 2 € H. Let t € [0, T]. The change of variables v, = V(s;#,v) is a
C'-diffeomorphism for every (s, t) € [0, T] and we have v = V (¢; 5, v,) with

B,V (t;5,v,) = e EEO-Z0),

Consequently, for any measurable function A : R — [0, +00) or for any measurable func-
tion A : R — R such that f(z,.)A € L' (R), we get

/f(t, v)A(v)dv=e‘”b”"/fm(v)A(V(t;O, v))dv
R R
+/ e*”b"l“*“f Q. (h, (s, V)AV(t;5,v))dvds.  (22)
0 R
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Moreover, it is easily checked that, for every s € [0, T'],

/Q+(h,h>(s,v)dv=||b||1=f 0.4 (h (s, V)V d,
R R

and

T

/Q+(h,h)(s,v)vdu=z(s) b(6) cos(0) d6.
R

-7

Taking A =1, A(v) = v and A (v) = v? in (22), we deduce from (23) and (24) that
t
/f(z,v)dv = 1Pl 4 ||b||1/ e WPt gg =1,
R 0

t
/f(t, v)vdv=é-ine—ub”lt—EZ(f)+Ee—”bH]f/ e~ EZ0-26) g4
R 0

b4 t
+/ b(6) COS(Q)dQ[ e—l\b\ll(t—S)—E(Z(f)—Z(S))E(S) ds
— 0

e

t t
+E||b||1/ e*”b”l(ffs)\/ e*E(Z(t)fz(rr))dO,dS’
0

R

t
/ £t v)v? dv = e IPIi=2EZ0) | 2E§,~ne*”b”1’*”<’>/ e~ EZO-26) 4
R 0

+ ZE/H b(6)cos(0)do

t t
X/e—uhn1<z—s>—E<Z<z>—Z(s>>/ e E@WO=20) g5t (s) ds
0

s

t 2
+ EZelblht </ e EZ1O-2Z() ds)
0

t
+ 161 / eIl =9)=2E(Z(N=Z(5)) 4
0

t t 2
+E2||b||l/ e—Hb”](T—S) (/ e—E(Z(t)—Z(O')) dU) ds.
0 s

Integrating by parts the last term in (26), we get

/ f,vvdv = ;inefllb\llt—Ez(,)
R

b

t
+f o IPI =)~ E@Z0-2(s) (E L)
0

-7

Besides, E satisfies (11), which implies that

% (el\b\lls-%—EZ(S)E(s)) — elIbIis+EZ(s) (E +E(S) b(8) cos(8) d@) ,

-7

b(6) cos(0) d@) ds

(23)

(24)

(25)

(26)

©2))

(28)
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846 V. Bagland

and thus,
/f(r,v)vdv:E(r). (29)
R
Then, integrating by parts the last two terms of (27), we obtain

/ £, v dv
R

! t
=1+ 2E§-ine*thlll*EZ(l)/ e EZWO=Z() g _ ZE/ e*IIbHI(/*S)*ZE(Z(IFZ(S))E(S)ds
0 0

t t
+2E/ e*\le](1—.?)—E(Z(1)—Z(.v)) / e*E(Z(l)*Z(U)) do
0 s

T

X (E +2(s) b(@)cos(@)d@) ds.

-7
It then follows from the Fubini theorem and (28) that

/f(t,v)vzdv: L. (30

R
We now consider (22) with A(v) = ®;(v?). By (21), we have
t 2
V(t: s, v)? < 202 2EEO-26) 4 o g2 (/ e EZW)-2() do) .

Consequently, the monotonicity of @, the convexity of ®; and Lemma 10 lead to

t 2
O(V(r:s,0)?) < % d, (4v2672E(Z(’)7Z("))) + % D, <4E2 (/ e EZ=2(0) dU) )

<ai(s, P (v?) +ax(s, 1),

where

1 .
a(s,t) ;= 5 + 8 HEZD=Z()

1 ' !
az(s7 t) = E ¢1(4E2) (1 4 (/ e*E(Z(I)*Z(G)) do-> ) .

Therefore,
/f(t,v)<1>1(v2)dv
R
< 1Phig, (0, t)/ [n@)®@1(v*) dv + e "1ay(0, 1)
R

+/ e 1Pl =) <a1(s,t)/ d>1(v2)Q+(h,h)(s,v)dv+||b||1a2(s,t)> ds.
0 R
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A change of variables leads to
/ O, (vV2) Q4 (h, h)(s,v)dv = / / b(O)®,(VHh(s, v)h(s,v,)dO dvdv,.
R R2J -7
But
v"? < 2v%cos® @ + 207 sin® 6 < 2v% 4 202,
which implies, with the monotonicity of &, the convexity of ®; and Lemma 10, that
” 1 2 1 2 2 2
D (v7) = 3 D (4v°) + 3 D (4vy) <8P (v7) + 8D (vy).

Consequently,

f®1(v2)Q+(h,h)(s,v)dv§ 16||b||1f¢1(v2)h(s,v)dv.
R R

By (16), we obtain, after integrations by parts, that

f [ v)® (%) dv
R
1
< el (5 + 86452(;)) / Fin@) 1 (V) dv +8M, (1 — 710
R
+ 128M, (1 — e IbINt—4EZ(®) _ 4 /, e—\lbl\1(t—S)—4E(Z(t)—Z(X))E(S)ds)
0

t t 3
+ b 4EY) (% +2/ o 1Bl )~ EZ0)-Z(s) (/ o EZ0-2(0) da) ds) .
0 K

It then follows from the bounds
e P9 <1 and  [7(s)| < max{|Zwl, 1641} < 1, (31)

for every s € [0, ¢] that,

1
/ F(t, V)P () dv < (5 + 8e4ET> / fin()®1(v*) dv + 8M; (1 — e IPIT)
R R
+ 128M, (1 — e WPINT=4ET 4 4 p / QRIS ds)
0

1 t t 3
+ CI>1(4E2) (E +2/ eE=9 (/ eE=0) dO) ds) .
0 s

We finally obtain

/f(t, v)®, (v?) dv
R

1 1 1
< (5 + 8e4ET) /Rf,-n(v)cbl(vz) dv+ 3 ®,(4E%) <1 + (e*T — 1))
+8M; (1 — e PInT) 4 128M, (1 — e IPIT—4ET | o457 1) (32)
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848 V. Bagland

We now consider the integral involving ®,. First, the convexity of ®, and (20) imply
that

®,(f(1.v)) < % B (2 (V(0; 1, v))e 1PIHEZ0)

] t
4 5 @, <2[ e_”b”l(f—5)+E(Z(f)—Z(5))Q+(h, h) (s, V(s; t,v)) ds) .
0

We then deduce from the Jensen inequality and Lemma 10 that
1
O (f (1, v)) < 3 max {1, e 2IPI+2E2OY @, (£, (V(0; 1, v)))
+ l / max {1 4||b||2 2,206l t=9)+2E(Z (1)~ Z(S))}
2 Jo

‘o, (Q+(h,h)(s, V(s;t, v))) s (33)
1611 !

Due to the change of variables w = V (s; ¢, v), we have

/ @, <Q+(h’h)(s’ — U))) dv :/ o, (M) e FEOZO) gy (34)
i 1511, R &1

Besides, it follows from the Jensen inequality that

/ o, (M) dw < / /" ®, ( / (s, v s, U;)dv*) b@) -0 v,
R 15111 RJ—n R 151]1

Setting

37 T T 37 3 & T 3w
AF[‘”"T}U[_Z’Z]U[T’”} and AZ:[_T’_Z]U[Z’T]

we now split the integral in two parts

/®2<Q+(h s h)(s, w)) dw
511
// D, </ h(s,vV)h(s,v )dv*>b(0)—
A R o1
do
—i—// ®, </ h(s,v')h(s,v;)dv*> b(0) — dv.
RS A, R 16114

Changing variables leads to

/%(M) dw
611
—usinf du b(0)do
// @2(/ < )h(s,u) ) dv
RS A cost [cos@|/ Dl
" @ /h( Y v —ucosé du b(@)d@d
/RfA Z(R i (S’ sinf )|sin0|> T

(35)
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Well-Posedness and Large Time Behaviour for the Non-cutoff Kac 849

Consequently, by the Jensen inequality, we have
h,h
/®2<Q+( : )(s,w))dw
R 611
— usinf 1 b(6)do
5// /d>2<h(s,v usm ) )h(s,u)du ©) dv
rJ A4, JR cosd [cos 6| 511
— 0 1 b(6)do
—I—/f /¢'2(h<s,v ,MCOS ) - )h(s,u)du ©) dv
RJ AR sinf |sind| 611

We now infer from the successive use of the Fubini Theorem, Lemma 10 and a change of
variables that

/(1)2 (M)dw
R 6111
) o
- / s, ) : /q)z (h <s’ v usm@))du b(6)do du
R A, €080 Jp cosf 15114

1 — 6 b(0)do
—i—/h(s,u) —2/<D2 <h <S, w))dULdM
R A, sin*@ Jr sin@ 611

b(o
S/h(s,u) L D, (h(s, w))dwdb du
R A IBllilcosO| Jr

b(O
+/h(S,M) L D, (h(s,w))dwdbdu.
R 4, IblI1]sin8] Jg

Thus,

Q+(h,h)(s,w)>
o, (=2 ) g
/R 2( 151, v
0
sﬁ/h(s,u)duf Wde/ @, (h(s, w)) dw < Mrv/2. (36)
R - 1 R

Gathering (33), (34) and (36), we finally obtain

fﬂbz(f(t,v))dv
R

1

< E maX{1,48_2”b”1[+2EZ(t)}e_EZ(t)/ qu(fm(U))dU
R

M, (! ds
+7%/ max{1’4”b”%t2672ubn1(tfs)+2E(Z(z)72(s))}efE(z(t)fz(r))T.
0

It then follows from (31) that

/q>2(f(r,u))du < % max{1,4e2”}e”/ Dy (fin(v)) dv
R R
ET __ 1

M, 22 2ET €
— max{1,4|b|;T _—
+ x{1, 43 T*e** "} T

37
NG (37
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850 V. Bagland

We next turn to the Lipschitz property (17). Consider y € C}(R) and ¢, o € [0, T]. Since
f is a weak solution to (18), we have

/DQf(””)‘/f(v)dv—/D{f(a, V)Y (v) dv
:E/[R(l_E(s)v)f(s’”)llf'(v)dvds_”b”l//Rf(S,v)l//(v)dvds

+ff h(s,v)h(s, vy) ﬂb(G)w(v/)devdv*ds.
o JR? -7

Consequently,

/ £t ¥ @) dv / o, 0¥ ) dv
R R

/ (L+12(s)]) ds

S2E+BIDIY Nl = al. (38)

SE”w“cé

+ 20l ligp 7 — o

Finally, we put
M, = max {4®,(1), 200, (4E?), 36/ ﬁn(v)d>1(v2)dv},
R

25

M, = max 7/ Dy (fin(v)) dv, D)
R

I
\/271 min{l — ¢2, 1 —¢}}

4(E+K) }
(min{l — g2, 1—¢3H? )’

. 1 1 1 385 1 4
T =min{l, —1In , In( == ,—1n(l+E) )
E  \2|blli/) bl +4E \384) 4E

It then readily follows from (25), (29), (30), (32), (37) and (38) that f belongs to H. O

L =max {2(E + |Ib]l),

Proof of Theorem 5 Let My, M,, L and T be the constants given by Proposition 6. We
consider the map 7 : H — H defined by 7 (h) = f where f is given by (20). Let us check
that 7 is continuous for the topology of C([0, T]; w — L' (R)) and that 7 is a compact subset
of C([0, T]; w — L'(R)).

Sequential continuity of 7°

Let (hi)ren be a sequence in H that converges to & in C([0, T]; w — L' (R)). It is clear that
h belongs to H. We set f =7 (h) and f; = 7 (hy). Let ¢ € L*°(R). Then, the change of
variables v, = V (s; t, v) leads to

/R(f — fot, v)e)dv
= / e~ IPI(=9) / (Q4(h,h) — Q4 (he, h)) (s, v)@(V (t; 5, v)) dv ds,
0 R
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Well-Posedness and Large Time Behaviour for the Non-cutoff Kac 851

for any ¢ € [0, T]. Changing again variables, we then obtain

/R(f = [, ve)dv

t b4
=/ e—"b"1<’—S>/ / b@)p(V(t; s, V) (h(s, v)h(s, vy)
0 R2J -
— hi (s, V) (s,v,))dOdv, dvds.
Let us denote by (¢;);en a sequence in D(R) such that

o—¢ ae.inR and @il < ll@lloo- (39)
For R > 0, we deduce from (15) that

/R (f = f)t, Vo) dv

=

t
f e*\lhlh(tf»V)Gk,l.R(t7 s) ds

0

t
_}_/(; eiuh”l(tis)lll’R(l‘,S)dS

t
4
N / eI LR 1,5 ds + =l (40)
0

where

R R T
GHR(t,5) = / / f b@)i(V (t;5,0')(h(s, v)h(s, vs)
—RJ—-RJ -1

— hi (s, v)hi (s, v,))dO dv, dv,

R R pm
IR, 5) 2/ f f b@)|(¢ — @) (V (35, v)|h(s, v)A(s, v) dO dv.dv,
—RJ—RJ -1

R r,R pm
L@, s) :/ / / bO)|(¢ — @) (V (155, V') i (s, v)hi (5, v,) d6 dv,. dv.
—RJ—-RJ -1

Since (hy)ren converges to i in C([0, T]; w — L' (R)), it follows by classical arguments that,
for every s € [0, T],

hi(s, V)he(s, v,) = h(s, v)h(s,v,) weakly in L'((—=R, R)?).

For every t,s € [0, T], the mapping (v, v,) — ffﬂ b)) (V(t;s,v"))dO belongs to
L®((—=R, R)?). Therefore, G*'F converges pointwise to 0 as k — 4-o0. Since G*' is
bounded by 2||b]|;[l¢|loo, the Lebesgue dominated convergence theorem implies that for
every t €[0,T],

t
kErJPoo eI GRLR (1 oy ds = 0.
0

But, the equicontinuity of the mapping t > [; e IP110=) G R (¢ 5) ds enables us to con-
clude that this convergence is uniform on [0, T']. For every / € N and R > 0, we thus have

t
lim sup / e W= GhLR (¢ ¢yds = 0. 41)
0

k——+o00 1e[0,T]
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On the other hand, for Y > 0,
R R T
IR, s) < Tz/ / / b@) (¢ — o) (V(t:s,v))|d0 dv,dv
—RJ—-RJ -1
F4BIl [ Dirh(s,0) v
R
Changing variables in the first integral and recalling that & satisfies (16), we obtain

2R
If'R(l,S)§4RIIb||1T2/ (@ =) (V(t;s,v)|dv +4M2||b||1||<P||ooSUPq) "
— r=" 2

For s,t € [0, T] and v € [-2R, 2R], we have |V (¢;s,v)] < 2R + ET)efT =: §. Conse-
quently, changing again variables, we get

IR, s) S4RIIbII1T28ET/ I(@ — @) ()| du +4M:||b]l1 ¢l sup D ( y (42)
— r="
Proceeding along the same lines for Izk’l’R , we obtain
L, s) < 4R|b] YT / (@ — @) @) du+AMs[bll1 [ @lloosup ——.  (43)
-5 r>T d’z( )

Gathering (40), (41), (42) and (43), we deduce that

limsup sup / (f = f(t. v)pw) dv
k—+o00 t€[0,T]|J/R
2 ET 4
<8RTY%e I(w @) (W) du 4 8M, | ¢l o0 SUp —— D ( ) ||<0||oc.
r="

We first let / — +oo thanks to the Lebesgue dominated convergence theorem and then
R — +00, T — +00. We thus obtain that f; converges to f in C([0, T]; w — L'(R)),
which means that 7 is sequentially continuous for the topology of C([0, T1; w — L' (R)).

Compactness of H

Due to the Arzela-Ascoli theorem [33, Theorem 1.3.2], it suffices to check that

the family H is weakly equicontinuous, (44)
the set {i(¢), h € H} is weakly relatively compact in L' (R) (45)

for every ¢ € [0, T], to conclude that 7 is relatively compact in C([0, T]; w — L' (R)). Let
t € [0, T]. It follows readily from the definition of H that

sup sup {/h(t, v)(1+v2)dv+/<l>2(h(t, v))du} < 00, (46)
R R

heH t€[0,T]

whence (45) by the Dunford-Pettis theorem. Let us now consider (44). Let ¢ € L*(R).
There exists a sequence (¢;);cy in D(R) such that (39) holds. We fix « € (0, 1). We then
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Well-Posedness and Large Time Behaviour for the Non-cutoff Kac 853

deduce from (46) the existence of some real §(x) > 0 such that, for any measurable subset
E of R satisfying meas(E) < §(x), we have

sup sup /h(t, v)dv <«k. an
heH tel0.T]JE

Moreover, the Egorov theorem and (39) ensure the existence of a measurable subset E, of
[—1/k, 1/k] such that

meas(E,) <&(k) and lim sup lor — | =0.
=400 [_ 1k, 17K\ Ec

Consequently, for every t € (0, T),s € (—t, T —t) and R € [0, 1/x], we have

/(h(t +s,v) —h(t,v)p)dv
R

=

/(h(t +5,v) —h(t, v)g(v)dv
R

R
+ / (h(t +s,v) — h(t,v)(@W) — @ (v))dv
—R

+

/H (h(t + 5.) — h(t, V) (@) — 91 (v)) dv
v|>R

)

4l llo
< Lislleiliey +2 SUP\ o =il +4ellglloe + —3
" [=R.RI\E

by (15), (17), (39) and (47). Letting s — 0, we thus obtain that, for every ¢ € [0, T'],

lim sup sup
s—0 heH

2l
/(h(f-i-S,U)—h(t,U))(P(U)dv <2 sup |o—¢l|+dcllolle + 200~
R [—R,RI\Ex R

We now pass to the successive limit [ — +o00, k — 0 and R — +o00 and deduce that (44)
holds.

We are now in a position to complete the proof of Theorem 5. Indeed, following the same
lines as in [16, Theorem 8.12.4], we may prove that if F' C H is sequentially closed then
F is closed. It then follows that 7{ is a non-empty compact convex subset of C([0, T']; w —
L'(R)) and 7 is a continuous mapping from A to . The Tykhonov fixed point theorem [15,
Theorem V.10.5] thus ensures the existence of a fixed point of 7, that is of a solution f! €
C([0, TT; w — LY(R)) N L*®((0, T); LL(R)) to (1), (3). Observing that T only depends on
E and b, we may proceed as before with initial condition f'(T,.) instead of f;,. Repeating
this argument, it finally yields the existence of a solution f € C([0, +o00); w — L'(R)) N
L*((0, +00); Lé(R)) to (1), (3) that satisfies the desired properties. O

The next section is devoted to the non-cutoff case. We prove the existence of a weak solu-
tion to (1), (3) when b is given by (2). To this aim, we use a truncation argument. The weak
solution to the non-cutoff equation is obtained as the limit as n — 400 of a subsequence
of solutions to (1), (3) with cross section b, := min{b, n}. We thus need uniform estimates,
with respect to n € N, which is the purpose of the following two lemmas.
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Lemma 7 Let f € C([0, +00); w — L' (R)) N L>((0, +00); L} (R)) denote the weak solu-
tion given by Theorem 5. Then, for every t > 0, we have
eS(E+8y] N 1

4E+8y1) @9

/Rf(t,v)cbl(vz)dv568(’”8“)’/]Rfi,,(v)d)l(vz)dv—{—E<I>/1(1)

where yy = ["_b(0)sin’>60 d6.

Proof The proof is inspired by that of [26, Lemma 2.2]. Let ¢ € [0, +00). Since f is a weak
solution to (1), (3), we have

/f(t,v)dh(vz)dv
R
=f fm(v)dz'l(vz)dv—l—2E/t/(l —2($)v) f (s, V)P (v?) dv ds (49)
R 0JR

+%// fGs,0) f(s,v)(G(v, vi) — H(v, vy)) dvdu,ds, (50)
0JR2
where

Gv,v,) = / bO) (D, () + D, (v)2) — (Y (6)) — D, (Y (/2 — 6))) d6,

T

H(v,v,) = / b(©O)(P1(v?) + @1 (v7) — P1(Y(0) — @i (Y (/2 —6))) d6,

L

with ¥ () = v cos? 6 + v2sin? 6. We first consider G and H. The convexity of ®; implies
that

(Y (0)) < cos? 0D, (v?) +sin? 0P, (v2),
@, (Y (/2 — 6)) <sin’ 0P, (v*) + cos> 6D, (v2).

It thus follows that H (v, v,) > 0.
On the other hand, we infer from the convexity of &, that

D1 (v%) — @ (Y (0)) = ¥} (Y (0)Z(0).

where Z(0) = —vv, sin(260). Since b is even, we then deduce that

fﬂ b(O)(®1(v*) — (Y (6)))do > 0.

T
Similar calculations lead to

/ﬂ b(O) (@ (v,”) — (Y (/2 — 0)))df = 0.

e

Consequently, we have G (v, v,) > 0.
Lemma 11 implies that

&1 (v = (¥ (9) + z(9)) DO+ ZO)

Y(6)+Z()
d(Y(0) D (Y(0)Y(O)— (YO
< (Y )+ Z(6)) ( 1;(9())) 1 (Y (9)) ;(9))2 1(Y(9)) Z(e)).
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Due to the nonnegativity of @, we finally obtain

O, (V') — d,(Y(0)) < 1+@ Z(O)P (Y (9))
= Y(6) 1 .

Multiplying the previous inequality by b(6) and integrating with respect to 6 leads to

b4 T VAC 2
/ b(9)(®1(v’2)—¢1(Y(9)))d9§/ b(®) ©

) 3 vy @),

Besides, for 6 € [—m, =37 /4] U [—n /4,7 /4] U [3n /4, 7], we get Y (0) > v2/2 and thus

Z()?
©) §8vfsin29c0529.
Y (©0)

On the other hand, for € [—37 /4, —7 /4] U [7/4, 37 /4], we get Y () > v2/2 and thus

Z(6)?
Y(©9)

< 8v?sin® 6 cos? 0.
Therefore,

/ﬂ b(O) (P, () — D1 (Y(6)))db < S/H b(6) sin 6 cos O (v> + v2) D} (Y (9)) d.

L g

Owing to the concavity of @/, we have
rd®|(r) <2®,(r) foreveryr >0, (51)

by [24, Lemma A.1]. Then, the monotonicity of @', inequality (51), the convexity of &,
and Lemma 10 entail that

W +v) P (Y (0) < (v 4+ v) @) (v + v)) <40 (v?) + 4P, (v)).

Therefore, we deduce that
/n b(O)(D1(v'%) — @1(Y(0)))dO < 32(D; (V) + @(v2)) ' b(0)sin’6 d6.
Similar calculations lead to
/” b(9)(<l>1(v;2) — @ (Y (/2 — 0)))do < 32(d; (v¥) + D1 (v2)) /n b(6)sin> 60 db.

We finally conclude that, for every v, v, € R,
H(v,v,)>0 and 0=<G(v,v,) <64y (P1(0%) + D1 (1)), (52)

where y; = [*_b(0)sin® 6 d6.
Let us now consider the last integral of (49). The nonnegativity of @', the monotonicity
of @) and (51) imply that, for every s € [0, ¢],

< f (s, v)® () dv+ £ (s, 0)v*®| (v} dv

lv|=1 lv|=1

‘/ f (s, v)vd, (v*)dv
R
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< (1) f(s,v)dv+2 f(s, )P (v} dv

|v|<1 [v[>1
< <I>/1(1)+2/ f(s,v)CD|(v2)dv. (53)
R

We then deduce from (51), (52), (53) and (31) that

/f(t,v)cbl(vz)dv
R
5/f,—n(v)d>1(v2)dv+2Ed>’1(l)t+8E// f(s,v)@l(vz)dvds
R 0JR

+329 / f F(500) £ (5, 0)(@1 (1) + B (1)) dv v, ds.
0JR2

Hence,

/f(t, v)®P, (v?) dv
R

t
< / Fin(@)®1(v?) dv +2ED, (1)t + 8(E + 8y1) // s, v)®(v?)dvds.
R 0JR
The Gronwall lemma then leads to the desired result. O

Lemma 8 Let f € C([0, +00); w — L' (R)) N L*®((0, +00); LQ(R)) denote the weak solu-
tion given by Theorem 5. Then, for every t > 0, we have

/d>z(f(t,v))dv§e”’fd>z(fm(v))dv,
R R
with
y2=E+ﬁ/ (1 —cos0) b(O)dO +2 | b(©)ds,
A Az

where A, and A, are defined by (35).

Proof Since f is a solution to (1), it satisfies, for every ¢ > 0,

/ ®,(f (¢ v)) dv
R
— f ®5(fin(w)) dv + E f £(s) f (5. 0y (f (5. v)) duds
R 0 R

iy [ £(s) / B> (f (5. v)) dvds + / f Of. (s, )y (f(s.v)) dvds.  (54)
0 R 0JR

In order to justify (54), we use the following approximation arguments, in the spirit of [13].
Let R > 0. On the first hand, we introduce

D, (v) if v e [0, R],

Oy 1 (V) = { @, (R)(v— R) + ®2(R) ifve[R,+00).
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Then, ®, r is a Lipschitz function that belongs to C' ([0, +00)) and satisfies Dy p < P,.0n
the other hand, we consider

ﬁ,l,g(v)=Aﬁn(u)Qs(v—u)du and Q. (t, v)=/RQ+(f, i, u)o,(v—u)du,

where o, = % o(3), 0 € DL (R), & > 0. Then, there exists a unique smooth solution f; to

O fe + EQAL=E@0)0)dy fe + (Iblly — EC(D)) fe = Qe (55)

with initial condition f;, . and this solution f, is given by (20) where f;, and Q. (h, h)
are respectively replaced with f, . and Q.. It then follows that f, converges to f in
C([0, T]; L'(R)) for any T > 0. Moreover, due to the smoothness of f,, we may now mul-
tiply (55) by @) x(f:(¢,v)) and integrate by parts. Thereby, we obtain that f, satisfies, for
every t >0,

/ 1 (fo (1. v)) dv
R
_ f Bk (fine (v))dv + / (E¢(s) — b)) f Fols, 0)®) (o5, v)) dvds
R 0 R

_E f £(s) / sk (f. (s, v) dvds + f f Q. (5, )} (. (5. v)) dvds,
0 R 0JR

We now pass to the successive limit ¢ — 0 and R — +o00 and get that (54) holds.
Let us now show bounds for the second and the fourth integral in the right hand side of
(54). By (51), we have

/ Fs, 0)®5(f(s,v)dv <2 / @, (f (s, v)) dv. (56)
R R

Next,

fR O(f, (s, V)P, (f (s, v)) dv
- /R f B(O) £ (5. v) £ (s, v)(@)( £ (s, 0')) — B4(F (5. v))) dO dv dv,
2J 4,

+/2/ b(©) f (s, v) f (s, v)(PL(f (s, V) — Py (f(s,v)))dO dvdv,,
R4J Ap
where A; and A, are given by (35). The convexity of @, entails that, for x, y > 0,

x (P (y) — Py (x) < yPy(y) — Pa(y) + Pa(x) —x Py (x) < W(y) — W(x),

where W (x) = x®,(x) — ®,(x). Therefore,

fR Of, (5. 0)®y(f (5. v)) dv
< / / b(6) f (5. v) (W ( (s, 0)) — ([ (s v))) dO dv dv,
R2 Ap
+ / / bO) f (5, v) (W (f(5.0)) — W(f(s. ) dOdvdu,.  (57)
R2J A,
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Changing variables leads to
/R / b(O) f (s, v)(W(f(s,v)) = W(f(s,0)))db dvdv,
2J 4,

/f(s v*)/ b(@)/‘-l—’(f(s u))—d@dv*
A 9'

—/f(s, v*)/ b(@)fW(f(s,v))dvd@dv*.
R A R

Thus,
/f b(0) f (s, v)(W(f(s,v) — W (f(s,v)))dO dvdv,
R2 A
1 —|cosf|
:/lll(f(s,v))dvf b(O®)———— do. (58)
R A |cosf|
Similarly,

/R/ b©O) f (s, v)(W(f (5, v,)) — W(f(s,v))dO dvdu.
2, AZ

|'sind|

:/\I/(f(s,v))dv/ b(@)l_,i de. (59)
R Ay

| sinf|

It then readily follows from (54), (56), (57), (58) and (59) that
[ exronav
R

< f ®5(fin(w)) dv + E / / ®5(f (s, v)) dvds
R 0JR

+«/§(/ b(@)(l—cos@)d@—l—/ b(@)d@) // W(f(s,v))dvds.
A Ay 0JR

By (51), we have W (y) < ®,(y) for every y > 0, which together with the Gronwall lemma
lead to the desired result. O

2.2 Non-Cutoff Case

We now consider (1), (3) when the cross section b satisfies (2) and prove the existence part
of Theorem 1. Since |v|?> € L'(R, f;,(v) dv) and f;, € L'(R), a refined version of the de la
Vallée Poussin theorem [9, 25] ensures the existence of a function ®; and a function ®,
fulfilling the assumptions of Theorem 5. Let T > 0. For n € N, we set b, := min{b, n}. Let
frn €C([0, +00); w — L'(R)) N L*®((0, 4+00); L%(R)) be the weak solution to (1), (3) with
the cross section b,, given by Theorem 5. We deduce from (5) and Lemma 8 that,

sup sup {/ f,,(t,v)(1+v2)dv+/Qz(f,,(t,v))dv} < 00.
R R

neNr€[0,T]
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The Dunford-Pettis theorem then ensures that, for every ¢ € [0, T], (f,(t))sen is weakly
relatively compact in L' (R). Due to the Arzela-Ascoli theorem [33, Theorem 1.3.2], it only
remains to check that the family £, : [0, T] — L'(R) is weakly equicontinuous to conclude
that the family (f,),en is relatively compact in C([0, T]; w — L' (R)). Let ¥ € D(R). Since

fn 1s a weak solution to (1), (3), we have, fort € [0, T] and s € [—¢, T —¢],
/R(fm +5,0) = fult, @) dv
t+s
= E/ /(l — (D)) fu(r, )Y (v)dvde
t R

t+s
+/ Fu(t,0) (T, v)KY (v, v,) dvdv, dr,
t JR?

where

KY(v,v,) = ' (@) = ¥ (V) + v, sin 0y’ ()b, () dO.

-7

For (v, v,) € R?,

*

1 T 1
KY(v,v,) = 3 v2/ (1 — DY (vcosO + rv, sinf) dr sin® 0b, () d6
- 1

7 —

T 1
- v/ / ¥ (v +rv(cosd — 1)) dr (1 — cos0)b,(0)db.
—J 0

Consequently,
1 g g
v 2 )
|K) (v, v0)| < ¥l <§ v*/ by (6)sin”6d6 + v

L -7

Since b,, < b, we infer from (5), (31) and (62) that (60) reads

f ot +5.0) — fu(t, v (0) dv
R

1
< IslIY Nz <2E +5n+ K) ,

where

g g
2 :/ b(6)sin’6do and K:/ b(@)(1 —cosh)db.

L e

(60)

(61)

b, (0)(1 — cos@)d@) . (62)

(63)

(64)

Let ¢ € L*(R). There exists a sequence (¢;);en in D(R) such that (39) holds. Proceeding
with (f,,) as we did with & to show the compactness of H in the proof of Theorem 5, we

obtain, thanks to (63), that

/R(fn (t+s,v) = fult,v)p)dv

! 4l1gll
< Islllgillca <2E+5y1+1<)+2[ Sl =+ Al +

’
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where we kept the notations introduced in the proof of Theorem 5. Therefore, for every
tel0,T],

lim sup sup

s—>0 n>1

41l
[0 = e oewidn] <2 sy -+l S,
R [—=R,RI\Ex

We now pass to the successive limit / — 400, k — 0 and R — +o00 and deduce that the
family f, : [0, T] — L'(R) is weakly equicontinuous. Consequently, there exist a nonneg-
ative function f and a subsequence of ( f,,),cn (not relabelled) such that ( f;,),en converges
to f in C([0, T]; w — L'(R)). By Lemma 7, each f, satisfies (48) and, passing to the limit
n — 400, we obtain that f also satisfies (48). It follows readily that (5) holds. It remains
now to pass to the limit in (6). Consider € C,f (R),t €[0,T] and R > 0. It is straightfor-
ward that

/Rf,,(t,v)w(v)dveA;f(t,v)w(v)dv,

when n — +00. Next,

M/Ra LW — (s, 0 () dvds

=

f / (1= 2(6)0)(fy — f)(s. 0¥ () dvds
0J|v|<R

+// 1= ()0l (fo + £)(s, )W ()] dvds.
0J =R

By (5), we thus have

’/O/R(l —¢®OV(fu — O, V)Y (v)dvds

271+ R Iz

<
= R2

+ (65)

// (I=¢®)(fu = s, )Y (v)dvds
0Jv|<R

The convergence of f, towards f in C([0, T]; w — L'(R)) implies that the integral in the
right hand side of (65) tends to 0 as n — 4-00. Consequently,

2T+ Ry le
R? '

=

/O/D;(l —®V)(fu — s, )Y (V) dvds

lim sup

n—+00

We may now let R — +o0o. Let us turn our attention to the last integral of (6). We thus
consider

// K,‘l[’(v,v*)f,,(s,v)fn(s,v*)dvdv*ds—// K‘/’(v,v*)f(s,v)f(s,v*)dvdv*ds
0JR2 0JR2

<

(=:J1)

/ / (KY (v, v,) = KV (v, 0)) fu(5,0) £ (s, v.) dvdv, ds
0JR2

+‘ / / KV (0, 0 (fo (5. 0) fu (s, 02) — £, 0) £ 5. v dvdueds| (= Jo).
0JR2
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It then follows from (61) that

IKY (v, v) — KV (v, v,)]

p—1/(+a)
2
sv*an/
0

which, together with (5) imply that J; tends to 0 as n — +o00. Next, we have

p=1/0+)

sinzeb(e)d9+2|v|||w’||oo/ (1 —cos0)b(0) db,
0

R
S = KV (0, 0)(fu (8,02 fuls, 0) = f (5, 0.) f (5, v)) dv.dvds (66)

+/// |KY (0, v)|(fa (s, 0) fu (s, v) + f(5,0) (5, v.))dvdv,ds (67
[v|>R

+ / / / 1KY (0, 0 (o (52 0) fo (5, 02) + £(5.0) £ (5. v2)) dv. dvds. (68)
[ve|>R

The convergence of (f,) towards f in C([0, T]; w — L'(R)) entails that
fals,0) fuls,v) = f(s,0) f(s,v.)  inC(0, TT; w — L'((—R, R)*)).
Besides, since
IKY (v, v*)|<||1ﬁllcz<1 Y1V, +K|v|> (69)
where y; and K are defined by (64), we deduce that KV belongs to L>((—R, R)?). Conse-

quently, (66) tends to 0 as n tends to +00. On the other hand, it follows from (5) and (69)
that, for every s € [0, T'],

1
// K vl s 0) fo (5, v) dvdv. < Wy (5 +K) o (0)
[v|=R

A similar inequality holds if f, is replaced with f. We now consider integral (68). Inequal-
ities (69), (5) and (48) ensure that

/ / IKY (v, 0,01 £ (5, 0) fu (s, vs) dvadv
[vk| >R

14! 2 K
< ||W||CI§ ? v*fn(S, U*)dv*+ﬁ
|vs|=R

v2 1
<ClYle (S“PR e )+F>, (1)

where C only depends on E, b, f;,, ®; and T. We obtain the same bound if f, is replaced
with f. Gathering (70) and (71), we conclude that

limsupJ, < T +2K 20T v 1
1VrlrLsOL:p > ||1/f||c2 + ||¢||c§ sup r @1 (v2) +_ '

We may now pass to the limit R — +o00 and we finally obtain that f satisfies (6).
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3 Smoothness

We now turn our attention to the smoothness part of Theorem 1. Let f denote the weak
solution to (1), (3) satisfying (5) obtained in Sect. 2.2. Let T > 0 and t € (0, T). It follows
readily from (5) that, for 8 < —1, the Fourier transform f satisfies

sup f |f @ &P +€% dk < oo, (72)
t<t<T JR
which means that f € L*®([r, T]; H?(R)) for 8 < —1. Let us prove that (72) also holds for
B > —1.By (6), f satisfies
0,f(t.6) +iEEf(t.6) + E¢; (D€ f1,6) = O(f, ). §). (73)

where

T

O(f. )= / b(®) (1,6 c0s0) 1, 5in6) — f(1,€) +isin6¢, (& f1,6)) db.

-7

The change of variables 6 + —6 leads to the following equivalent form for the Fourier
transform of the collision operator

0. Fre.6)= [ 5®) (Fa.6cos0) (Fit.sin0) + Fir.~&5in0)) -2 1.8)) do

0

Let n € C*°(R) be an even nonnegative function such that n(v) = 1 if [v| < 1, n(v) =0 if
|lv] >2,0<n(v) <1 forevery v € R and 5 is nonincreasing on R, . For R > 0, we define
a function ng by ng(v) = n(v/R) for every v € R. Let 8 € R. We now multiply (73) by

f (t,&)(1 + £2)Png(£) and integrate with respect to the £ variable. Taking the real part of
the obtained equation, we get, thanks to the derivation under the integral sign theorem and
an integration by parts that

d n
d—f |f &P +E)Pnr(E)dE
tJr
=Ezf<r)/R|f(t,s>|2<1 +E)PEn(6)dt
+E;f<r>A|f(r,s>|2((1 1 EY 12+ B ) na(®) di

+2/lR O(f, ), &) f(t,&)(1 + )P () dt. (74)

We notice that the change of variable £ — —£& in the last term of (74) enables to prove that
this integral is real. We now split this integral in the following way

2f]R O(f, Y, &) f(t,6)(1 +E)Pnr(§)dE = A) + Az + As, (75)

where

wi= [ [ ((FoT et + Feriecosn) (7o + fi-sino)
—2(1/@F +17EcosO)) )b(6) do(1 + M nr(6) de,
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/4 R R
Ay =2/R/0 (1/ € coso)2 =17 @ F) b©) o1+ nn(®) ds,
n=2 [ [ (Fecosoiesing) + f-gsing) - 27@)
RJI7/4

x FE)(1+ £ ne(€)b(®) db d,

and show bounds for each term. In the above formulas and in the following calculations, we
omit the dependence on the ¢ variable in order to simplify expressions. It follows from the
inequality

|F©F €cost)+ (&) f € cos)| = IF©F +1 (& coso)P,
that
/4 R R R R
Alf—// (1F@P +1fEcosoP) (2~ |FEsing) + Fi—sin0)|)
RJO
X b(0)d6(1 + &) na (&) dé
/4 R R R
<= [ [ 17@P (2= |Feesine) + Figsing)|) o) dot + £ nace) .
Now,
2 'f(g sind) + f(—& sin@)‘ 32/ F@)(1 = |cos(Evsin®)]) dv,
R
which implies that
/4 R
=2 [ [1F©F [ @ - coseusing)hdvberdod + £ ne(e) de.
RJO R

The change of variable u = £vsinf then leads to

. 6vl/v2
A 5—2/ If(%‘)IZ/f(v)f (1 — | cosul)
R R 0

dudv
X o
/gzvz —

Since /£2v? — u? < |év| and arcsin(x) < 2x for x € [0, 1], we deduce that

—l—-a

(&)
arcsin | —
Ev

1+ (8) dt.

. lgul/v2
Al5—2*“A|f(s>|24f<v>|v|“/ (1= [cosulu™""* dudv|e|“(1+ ) (&) dE.
0

Consequently,
1
Ay < —2—“/ (1—|cosuDu~""“du
0

x / f(v)lvl"/ L) PIEI (1 4+ E2Png(E) d& dv.
R [E1=V/2/v]
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Thus, we have
1
A 5—2*“/0 (1—|cosu|>u*'*“du(Af<v>|v|“dvA|f(s>|2|s|‘*<1+sz>ﬂnR<s>ds

~22 o [ ifera +sz>ﬂnR(s>ds)dv-
R [E1=v/2/1v]

Let us recall at this point that f depends on ¢ and we need to bound f]R f(t,v)|v|* dv from
below by a constant for # € [0, T']. Let § > 0. Since f satisfies (5) and (48), there exists a
constant K7 depending only on @, f;,, @, E and T such that

/f(t, v)|v|% dv 33”*2/ f@t, v)v?dv
R [v]<é

u2
> 592 (/ Ft,v)vidv — sup ———— f(t,v)®1(v2)dv>
R

= P1@?) Jypzs

u
>52(1- Ky sup ————
wi=s P1(u?)
Since lim,_, o, ®1(r)/r = 400, we infer that there exists § > 0 such that
u? 1

1— K7 su —
T\u\g q>1(u)

Finally, there exist some constant Dy > 0 depending only on &, f;,, @, E, T and some
constant G > 0 depending only on « such that

Als—D%M(%W(l+sz>ﬂnR@)d5+GfR|f<s)|2(1+sz)f’nR<s)ds. (76)

We now consider A,. The change of variable u = £ cos 6 leads to

/4 . w2 \* u du
Al <2 b 2(1 )
14:] = /0 ()’/]le(u)l ( +00529> nR(cos@ |cos 6|

—fﬂ§|f(s)|2<1+sz>ﬁnk@)ds ‘d@

/4 . 5 u2 B u 1
52/0 b(6)A;|f(u)| (1+00529> TR (cos@>(|cos€| —1>dud0
/4 . u2 B
+2/ 19(9)/|f(u)|2 <l+ 3 > — (1 +u?? nR< )dud@
0 R co cosf

s 0
/4 R u
w2 [ 00 [17a0PQ 2 o (g ) = et duds.
0 R cosf
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The Taylor formula gives

2 B
(1+ - )—(1+u2)ﬁ

cos2 8
_ 2B(1 —cos6)
- cosé

1 2\ -1
X/ u2(1+ (o—l)(cos@—l)) (l+u2<1+ (a—l)(cos@—l))) o
0 cosf cosf

“ (Y [ 1 n(1- L d
”R(@)‘"R(”—(w‘ )/ ”(( +o- >< ‘9)>> o

Therefore, there exists some constant Cg depending only on 8 and sup, . |un’ ()| such that,
for every 6 € [0, r/4] and u € R, we have

1y ﬂ—(1+u2)ﬂ<c N atwy
cos20 =P\ cosh ’

u 1
nR (—Cosg) —nr(u) < Cq <_cos9 — 1) 1z a<ui<2r>

and

2 B
u
(1+ ) <Cp(1+u?)’. 77)

cos20
Moreover, since g is even and nonincreasing on R, for every 0 € [0, 7/4] and u € R,
u
i (s ) = ). (78)
cos6

‘We thus deduce that

/4
s s4cﬁ/ b(O) (L - 1) def F@PA + 1) () du
0 cosf R

/4 1 R
+2Cﬁ/ b(9) (@ - 1) d@/ |f@PA+u® 1y, sopcardu. (79)
0 R

Let us now turn our attention to Az. By (5), we have

i, . .
=4 [ [ (1@l F©1+1FOF) 1+ € nn(e)06) do de
/4

va [ [ (1FGaosol @1+ 1FF) 1+ ne@be)do ds.
RJ37/4
Therefore,

|As] 56/ 4b(9)d9/R|f(.§)|2(1 + ) N (8) dk
7/

3n/4 R
+2/ /le(%“siHQ)Iz(l+Sz)’9nR($)d$b(0)d9
/4
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/ flf(écose)l (14 2P na (&) dEb(6) 6.
3/4JR

The changes of variables u = £ sinf and u = & cos 6 in the last two integrals lead to

As] < 6/ 4b<9>d9/ﬂ{|f@)|2<1 ) ne(®) de
7/

3z/4 2 B u du
2 21 b(0)do
+ fm £ ( + 9> e (i) e b©)

u? B u
+2/3n/4/|f(u)l (1+ 29> nk(ﬁ)mse'b( )df.

Finally, arguing as for (77) and (78), we deduce that

|A3] < (6 +2v2Cp) f /4b(9>d0 /R IF@PA+EHPnR(E) dE. (80)

We may now deduce from (74), (75), (76), (79) and (80) that there exists some constants
Fg, Hg > 0 depending only on o, 8, E, sup,,g |un’(u)| such that

d ~ R
E/Rmr,s)ﬁ(l+52)f‘nR<s>ds+DTfR|f(z,s>|2|s|“<1+sz)f‘nR(e)de
sF,s/R|f(r,s>|2<1+sz)ﬂnR<s>d5+HﬁL|f(r,s>|2(1+sz>ﬁ1R/ﬁSm52Rds. (81)

Taking 8 = —1 in (81), integrating and letting R — 400, we infer, thanks to (5) that

1+TF,3/ de
Dy r1+E2

/OT/R If.&PIE" A+ dedr <

Consequently, there exists o € (0, 7) such that
fﬂ{|f(o,s)|2|s|“(1+sz)—‘ds < oo
Since (14 £2)~1%%/2 <29/2(1 + £2)7'(1 + |£|*), we deduce that
Alf(d,€)|2(1+52)’1+“/2d§ <.

Taking f = —1 4 /2 in (81), integrating and letting R — 400, we now obtain that, for
every s € (0,7),

/ |f(s, &)1+ )71+ g < Fol=) / |f (o, &)P(1 + &>+ g
R

1+ Fﬁ(T o)

T
f/|f<f’5>lzlél"<1+52>—‘+a/2dsd1< /If(a HIP(1+8H 1 ag.
o JR

We may thus proceed as previously. By induction, we conclude that, for every 8 > —1, (72)
holds, which completes the proof of Theorem 1.
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4 Uniqueness and Large Time Behaviour

This section is devoted to the proof of Theorems 2 and 4. To this aim, we considAer two
solutions f and g to (1), (3) such that (5) holds. Let ¢ > 0. The Fourier transforms f and g
both satisfy (73). As in [35], we set

u(t,&) = ft.&) — g(t.6) + i (1) — L(1))P (&), (82)
where ¢ denotes a smooth bounded odd function that satisfies

p@E)=¢ forlgl<1 and ¢(s>={2_2 ooy

Such a function ¢ has been chosen so that u satisfies

u(t,0)=0, dut,0)=0 and [9Z.u(t, &) <2(1+ sup [¢"]),
[-3.3]

for every £ € R, which implies that the map & “gé ) is well-defined and bounded on R.
Similar manipulations had already been done in [5]. Then, by (11) and (73), we have

Qu(r,&) +iEEu(t, &) + EL(1)Edeu(t, £)
= (L5 (1) — L (1)) (ER (1, 6) + Ry (1, €))
—iK (& (t) — C)pE) + Of, )1, 8) — 0§, §)(t, &),

where
Rit,§) = —E (011, 6) +i5 (08 ) + ().
Ro(t,6) =iELp(t) + £ (1) (E¢'(E) — (§)).

We now prove the following proposition.

Proposition 9 Consider E > 0 and a cross section b satisfying (2). Denote by f and g two
weak solutions to (1) in the sense of Definition 1. There exists a constant C > 0, that only
depends on E, ¢ and ffn (sin® @ + 1 — cos 0)b(0) d6 such that the function u defined by (82)
satisfies, for everyt >0, & e R,

lu(t, §)| < [€[Pe 27O (sup '”%f e / (L7 (s) = Cols))e?F 7 ds) ,
EeR 0

where Z,(1) = fot Lo(s)ds.

Proof The proof is inspired on the one hand from [5, 35] and on the other hand from [31].
For n € N, we set b, := min{b, n}. We then have b = b,, + (b — b,,), which enables us to
split the collision operator in two parts, one involving b, where there is no more singularity
in 6 and one involving b — b,, which thus concerns small values of 8, more precisely, |6| <
n~ /(40 Then,

g

du(r, &) + <iEE +1bulli + | (1 —cos6)(b(O) —bn(g))dé’)u(t,%‘) + EC,(1)§0:u(r, §)
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_ f” (u(t, £cos6) f(1, Esind) + 4(1, & cos O)ult, € sine)) b, (0)do

T

+ ’ f(t, EcosO)u(t,&sinb)(b(0) — b,(0))do

-

+ (G (1) = (1)) ER1(1,8) + Ro(1,8) + R3(1,8)) + 511, 8) + 5:(1,§) + $3(2, §),

where
Ry(t,8) = —i /” (45(%“ cos0) f(,& sin@) — 0059¢(E)) b, () do,

$i1t.6) = | (§(t.&5in8) — 1+ i sin6L, (1)

X (f(z, EcosO) — g(t,&cos0))(b(@) — b, (0))do

i) = @) | f(t,Esin0)(E sinb — p (& sin6)) (B(O) — b, (0)) 6,
$2(t,€) = / (f (.6 cos0) — §(z,& cosh) — cosO(f(1,£) — §(1, ) (b(6) — b, (0)) 6,

m

S3(t,6) =ige(t) [ &sinb(g(r, & cosb) — (1, £))(b(O) — b, (0)) do

-7

—igp(t) [ Esinf(f(t.&cos0) — f(t.£))(b(©) — by(0))db.
We first show bounds for Ry, R,, R3, Si, S, and S3. The Taylor formula leads to
1
Ri(t.§) = —E§ ( /0 (92726 +ic, 097 0:) + ¢/ 68)) dx) ,

1
Ry (1,8) =iE(§f(t)+;“g(t))$2/ 1" (AE) d.
0
Consequently, we obtain that

IRI(t, ) < EQ+ 116"l + 19'lc)IE] and  |Ra(1,6)] < Ell¢"lolE1>.  (83)

‘We now consider Rj. It reads
R3(1,8) = —% ' ¢ (£ cosO)(f (1, &sin0) + f (1, —& sind) — 2)b,(0) d6

—1 i (p(EcosB) —cosOp(£))b,(0)d6.

By the Taylor formula, we have

f(t,&sin0) + f(t, —& sind) — 2

1
= &% sin? 9/ = |A|)a§£f(t, AE sinf) dA,
-1
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¢ (& cosB) —cosbp (&)
1 1
=—&2cosf(1 —0059)/ k/ ¢"(AE(1 + w(cosh — 1)) dwdA.
o Jo

Consequently, we deduce that

1 b/
IR3(t,6)] = 5 (Illoo + 19" 10 1€ 1 < (sin’ 0 + 1 — 6059)b,1(9)d9) - (34

-7

On the other hand, the Taylor formula ensures that

1
§(t,&sin0) — 1 +i&sinfg, (1) = stinzef (1 —u)d; &(1, u§ sin6) du,
0

1
£sinf — p(£sinh) = gzsinzef (u — 1)¢" (u& sin6) du,
0
and thus

1S O < 1+ 19"l EF [ sin® 6(b(O) — b, (6)) db. (85)

—7T

Setting j(t,&) = f(t,é) —g(t,&), we have j(¢,0)=0, |8§,5j(t, &) <2 and
j(t,&cosf) —cosbj(t,§)

1 1
= —§2c0s9(l — cos@)f Af Bszvgj(t,)ué(l + w(cosh — 1)))dwd.
0 0
Therefore, we obtain that

1S2(, )| < &7 | (1= cos0)(b(0) — bu(6)) d6. (86)

-7

It only remains to consider S;. We have

61, £ cos6) = 31, )| < (1 —cose)lg| and  |f (1, £cos0) = f(1,6)] < (1 —cos)lg],

which imply that
|S3(6, )l <217 | (1= cosO)(b(©O) — by(6)) d6. (87)

We now set Z,(t) = fot Lo (s)ds, and, for any two-variables function 7, we denote by n*
the function defined by n*(z, &) = n(t, e£%:WE). We next put

T

w(t, &) =u®(t, &)’ Wnliten)  wheree, = | (1 —cosO)(b(O) —b,(0))do.  (88)
-7
With these notations, it is easily checked that w satisfies
dw(t, &) +iEe"Vew(t, &)

= i f#(t,écose)w(t,gsin@)(b(@)—bn(Q))dH

-

n fﬂ (w(t, £cos6) fH(r, & sind) + 8% (1, & cosO)w(t, & sin9)> b, (6)d6

-7
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+ et(\lbn|h+6n)(§f(t) _ Cg(t)) (eEZg(t)g_-R?(t’ %—) + R;(l‘, g;) + R;:(t, g_—))
+ eIl en (Sr, &) + 871, §) + S1(t, §)).
Consequently, setting H (¢, §) = exp(i E€ fot eFZ%:® ds), we obtain

w(t, §)H(, &)
:w(O,S)—i—/ H(S,S)/ﬂ f#(s,écosﬁ)u)(s,ésin@)(b(@)—bn(Q))des
0 -1

+f H(s, &) ﬂ(w(s,écos@)f#(s,.Ssine)
0 -7
+ g#(s, EcosO)w(s, & sinO))b,, ©)dOods

+ f H (s, )"0 (2 (s) — ¢4 (5)) (77§ R (5,§) + RE(5, ) + Ri (5, 6)) ds
0

+f H (s, &)e Wenliten) (§¥ (s £) 4+ S¥(s, &) + S¥(s, ) ds.
0

It therefore follows that

lw(z,§)] < Iw(0,5)|+/f lw(s, & sin®)[(b(0) — ba(0))dO ds
0J—m

+/ ) (Jw(s, £ cosO)| + [w(s, & sin0)]) b,(0) d6 ds
0

-7

+ /0 e Wnlten) (2 (5) — £, ()) (P4 IERT (5, §)| + [R5 (5, €)] + | R (s, §) ) ds

+/ e Wonlten) (5% (s, &)1 + 1S5 (s, )| + 1S5 (s, ) ds.
0

We now deduce from (83), (84), (85), (86) and (87) that
lw, &) _ [w©,8)| /’/” lw(s, & sin 9)I

sin@*(b(0) — b,(0)) do ds

|§|2 B |£"|2 |€ sin 9|2
lw(s, & cos )| )| lw(s.Esing)] |
/L( |scose|2 |cosf + — " aop 15infl >bn(9)d9a's

+C ( (Sln 6+ 1—-cosb)b,(0) d9>
% /I({f(s) _ é—g(S))ex(\lbnI\1+en)+2EZg(S> ds
0

T t
+C ( / (sin®@ + 1 — cos0)(b(0) — b,(9)) de) / e IPnlitent2E 24 g g,
—x 0

where C denotes a constant that only depends on E and ¢. Setting

g

a, = n|sin0|2(b(9)—bn(9))d9+/ ba(6) o,

-1 -7
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we thus have, for X > 0,

lw, I _ Iw(075)|+a /’ |w(s, §)I
" 0 [§]=X

sup < sup _— Sup —_—
el<x €17 e=x &7 €12

ds

+C (1 —l—/ (sin*@ + 1 — cos 0)b, () d@)

T

X / (Cf(S) _ {g(s))es(”hn”l+5n)+2EZg(~Y) ds
0
+C ([ﬂ (sin?6 + 1 — cos0) (b(0) — b, (0)) d@)

t
X / es(“bn 1 +en)+2EZg(s) dS.
0

The Gronwall lemma then ensures that

sup Iw(t,§)|<ean, " [w(0, &)|
gl<x  1EP T g<x &P

+C <1 + | (sin?0 +1—cos0)b, () de)

-1

t
% / (g“f(s) _ ;g(S))eotn(I*S)eS(anH1+€n)+2EZg(S) ds
0

+C (/ﬂ (sin*6 4 1 — cos 0) (b(8) — b, (8)) dﬁ)

T

t
« / oo (=) yslballi Hem +2EZg(5) ¢
0

Recalling that w is defined by (88), we now obtain that

EZgy(1)
sup lu(r, e®25VE)| < olen—lballi—en)t sup lu(0, &)

lel<X €12 B el<x  I§1?

+C (1 + [ (sin®6+ 1 —cos8)b,(0) d9>

-7

t
X/ (£7(5) = Lo(s))elnIonli=en)=9) 2EZ¢(5) i
|

+C (/n (sin?6 4+ 1 — cos 0) (b(6) — b, (9)) de)

s

t
X/ e(an*anHI*511)(t*5)€2EZg(5)ds.
0

But, lim,,, ;» &, = 0 and lim,_, ;5 (&, — ||, ]|1) = 0. Hence, passing to the limit n — +o00

leads to

lu(t, eE2:0g))| (0, &)
sup ——————— < sup >
GBS €] lel<x &1
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+C <1 + | (sin?60 41 —cos 9)b(0)d9)

t
X/ (L5 (8) = Ge(s))e*F %W ds.
0
Consequently, for X > 0, we have

EZg (1) t
sup |u([7 e > S)' S Sup |M(0,2§)| + Cf ({f(s) _ é.g(s))eZEZg(S) dS ,
lE1<X &1 ger  |§] 0

where the constant C only depends on E, ¢ and f_”n (sin®@ + 1 — cos0)b(0) dO. The right-
hand side of the previous inequality being independent of X, we obtain that the desired
result holds for every & € R. a

Proof of Theorem 2 Let f;, and g;, be two functions satisfying (4) and (8). Denote by f and
g two weak solutions to (1) with initial conditions respectively f;, and g;,. Then, {; = ;.
We thus deduce from Proposition 9 that

F0.8) — 8.5)] < [ 12270 syp &)~ Bn ]
cex | IEP

for every £ € R and ¢ > 0, which completes the proof of Theorem 2. O

Proof of Theorem 4 Taking g = fy,, in Proposition 9 and recalling that u is defined by (82),
we get

1F(,6) = Fuar©)] < lut, )]+ 157 (1) — Lo (D1 ()]

< [gPenF 4 (Sup e+ C [ @) - gisneEne) dS)
0

ger €
+ CIENL; (1) = &, ()],

for every t > 0 and £ € R. Besides, we have {, = ¢, where ¢, is given by (14) and we infer
from (13) that

17 (5) — £4] < CemVRHE

for every s > 0. Consequently,

1f(t.8) = fuu(®)] < ||~/ FERE - (Sup @61 . / . ds) )
0

€1 ser 57

for every r > 0 and £ € R. Thus, we have, fort >0 and R > 0,

|f(f,§)|;|fsmz(5)| < CRe-WKHE =Kt 0 p=t3/ K +4E?
|E|<R

On the other hand, since f and f;;,,, both have mass 1, we obtain that

1f(t,6) = fua©)] 2
sup —————— < —.
GEYS &1 R
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Combining the two previous inequalities, we deduce that

VK rerey=li)
di(f (1), frar) < CRe™WKPHIE KN 4 Comi/ KPH4E2 R

Then, taking

2
R= | ———,
Ce— (W K2+4E2—K)t
completes the proof of Theorem 4. O
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Appendix A: Auxiliary results on convex functions

Let ® € C'([0, +00)) be a nonnegative convex function such that ®(0) =0, ®'(0) =0, @’
is concave.

Lemma 10 Forr € [0, +00) and A € [0, +00),
& (Ar) <max{l, A2} ® ().
Proof Letr > 0.1If A € [0, 1] then the monotonicity of ® ensures that
D (Ar) < @ (r) < max{l, A} D (r).

Otherwise, we deduce from the concavity and the nonnegativity of @’ that

o= (1 (1-o)s Lo
o (2 (1= 1)0) = L

for s € [0, r]. Integrating this inequality over (0, r) then leads to
1
O(r) > e D(Ar),

which completes the proof of Lemma 10. a

()

r

Lemma 11 The mapping r — is concave.

Proof Consider r >0, s > 0and A € [0, 1]. Since @’ is concave, we have

Sr+(1-ns) [
m—/o ' (z(hr + (1= 2)s)) dz

|
> / AD'(zr) + (1 — VD' (z5)) dz
0

220 L2 0
r S
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